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Abstract
We give the initial spectrum of quantized gravitational waves in the context of
the one-bubble open inflationary universe scenario. In determining the quantum state
after the bubble nucleation we adopt the prescription to require the analyticity of pos-
itive frequency functions in half of the Euclidean extension of the background O(3, 1)-
symmetric spacetime. We find the spectrum is well behaved at the infrared limit and
there appears no supercurvature mode. In the thin wall approximation, the explicit
form of the spectrum of gravitational wave perturbations is calculated.
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§1. Introduction
The open inflationary universe scenario is one of exciting current topics among the physics
in the early universe. The possibility to create an open universe (Ω0 < 1) through bubble
nucleation in the context of inflationary cosmology has become under discussion rather re-
cently, 1), 2), 3), 4), 5), 6) and several models of inflaton potential have been proposed. 2), 4), 5), 6)
Now a central issue is if these models are compatible with the observed anisotropies
of cosmic microwave background (CMB) on large angular scales. In several recent papers,
7), 8), 9), 10), 11), 12), 13), 14), 15) quantum fluctuations of the inflaton field that generate the initial
curvature perturbations have been evaluated and the resulting spectrum of CMB anisotropies
has been calculated. But a drawback of all the previous studies is that the gravitational
degrees of freedom have not been taken into account.
The incorporation of gravitational perturbations causes two effects. One is the coupling
between perturbations of the inflaton field and those of the metric, which may alter the
spectrum of the initial curvature perturbations drastically. The other is the contribution
of gravitational wave perturbations to the CMB anisotropy, which has not been taken into
account at all in the previous analyses. As has been known, a constant time hypersurface
in an open inflationary universe is not a Cauchy surface of the whole spacetime. 9) Thus we
cannot set commutation relations on this hypersurface when we consider quantization of a
field in the open universe. This difficulty has been solved in the case of a scalar field 9), 10)
and recently a method to manage the gravitational wave modes in the Milne universe has
been developed by the present authors 16) (Paper I).
In this paper, we extend the result in Paper I to make it applicable to a general open
universe. The aim of this paper is to give the spectrum of gravitational wave perturbations
in the context of the open inflationary universe scenario.
This paper is organized as follows. In section 2 we review the zeroth order approximation
to an open universe model, which is based on the O(4)−symmetric bubble nucleation 17), 18),
and explain the notation we use in the succeeding sections. In section 3 gravitational wave
perturbations of the O(4)−symmetric bubble is investigated. First we show a similarity
between the massless scalar field perturbation and the gravitational wave perturbation. Then
using this similarity, we reinterpret the results for massless scalar field perturbations obtained
in Ref. 10) and give the spectrum of gravitational wave perturbations. Section 4 is devoted
to summary and discussion.
In this paper, we use the units, c = h¯ = 1, and adopt the metric signature, (−,+,+,+).
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§2. Configuration of the O(3, 1)-symmetric bubble
We consider the Einstein scalar model with a single real scalar field which has a potential,
V (σ), as shown in Fig. 1. The Lagrangian is given by
L = √−g
[
1
2κ
R− 1
2
gµν∂µσ∂νσ − V (σ)
]
, (2.1)
where κ = 8πG, and g and R are the determinant of the metric tensor and the curvature
scalar, respectively.
V (   )
RL
Fig. 1. The potential of the scalar field
Here in this section, we review the background solution which represents the bubble
nucleation. 17), 18) The conformal diagram of this solution is presented in Fig. 2. As shown in
Fig. 2, we divide the whole spacetime into five regions. The upper right and the upper left
triangle regions are labeled by R and L, respectively. The central, diamond-shaped region
that contains the bubble wall is labeled by C. In C, the background metric is written as
ds2C = dT
2 + a2(T )
(
−dr2C + cosh2 rCdΩ2
)
, (2.2)
and the scalar field depends only on “the cosmological time”, T ,
σ = σ(T ). (2.3)
Then the equations of motion become
σ¨ + 3
a˙
a
σ˙ =
dV (σ)
dσ
, (2.4)
(
a˙
a
)2
− 1
a2
=
κ
3
(
1
2
σ˙2 − V (σ)
)
, (2.5)
where the dot ˙ represents the derivative with respect to T .
3
wall
C
R
r
C
= const.
L
T T
R
=
T T
L
=
T = const.
Fig. 2. The conformal diagram of the universe containing an O(3, 1)-symmetric bubble
The regularity of the metric requires the boundary condition for Eqs. (2.4) and (2.5) as
σ˙|T=TJ = 0, (2.6)
where J = R or L and TJ is determined by a(TJ) = 0. Hereafter the subscript J is used to
represent R or L. The surface where T = TJ corresponds to the boundary between C and
J . As T increases from TL to TR, σ also increases monotonically from σL to σR. Here we
assume that σL is the potential minimum in the false vacuum side and that σR is that in
the true vacuum side. Further, we assume that the region in which σ changes are restricted
to the interval between TWL and TWR, where TWL < TWR. We divide the region C into
three regions; T < TWL, TWL < T < TWR and TWR < T , and call them CL, W and CR,
respectively. Thus J and CJ are the de Sitter space with σ = σJ with the expansion rate
given by HJ :=
√
κV (σJ )/3. As we shall see, these assumptions are not essential to our later
discussion and they can be relaxed if one wishes. However, for simplicity, we consider the
situation in which these assumptions hold.
Following Ref. 10), we introduce coordinates in L and R. First we introduce new coor-
dinates in CL and CR by
dtC,J
HJ
= dT , a(T ) =
cos tC,J
HJ .
(2.7)
In these coordinates, the metric in CJ takes the form,
ds2C,J = H
−2
J
[
dt2C,J + cos
2 tC,J
(
−dr2C + cosh2 rCdΩ2
)]
. (2.8)
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If we use the thin wall approximation, in which the regionW is assumed to be infinitesimally
thin, the continuity of the metric gives the relation,
cos tC,L
HL
∣∣∣∣∣
wall
=
cos tC,R
HR
∣∣∣∣∣
wall
. (2
.9)
Further we introduce the coordinates in R and L by
tR = itC,R − πi/2, rR = rC + πi/2,
tL = −itC,L − πi/2, rL = rC + πi/2. (2.10)
The relations among the coordinate systems are uniquely determined by the analyticity
which was discussed in Ref. 11). The metric in R or L becomes
ds2J = H
−2
J
[
−dt2J + sinh2 tJ
(
dr2J + sinh
2 rJdΩ
2
)]
. (2.11)
For later convenience, we introduce several symbols that describe background geometrical
quantities. The expressions given here are valid in R and L but the extension to other regions
is straightforward. We denote the unit vectors in t-direction and in r-direction as ξµ and nµ,
respectively. Then the background metric can be decomposed as
gµν = −ξµξν + γµν
= −ξµξν + nµnν + σµν , (2.12)
where γµν and σµν are the metric of the t =const. hypersurface and that of the t, r =const.
surface, respectively. Further they are related to the metric of a unit 3-hyperboloid γˆµν and
that of a unit 2-sphere σˆµν by
γµν = a
2γˆµν , σµν = a
2 sinh2 r σˆµν . (2.13)
The small Latin indices such as i and j represent the projection; fi := γi
µfµ and the vertical
bar | denotes the covariant derivative with respect to γˆij. The capital Latin indices such as
A and B represent the projection; fA := σA
µfµ and the double vertical bar || denotes the
covariant derivative with respect to σˆAB.
§3. Gravitational Wave Perturbations
We consider quantized gravitational wave perturbations on the background given in the
preceding section. In general, the perturbed metric and the perturbed scalar field are given
as
g˜µν = gµν + hµν = gµν + a
2 Hµν , σ˜ = σ + δσ, (3.1)
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but here we ignore the perturbation of the scalar field and set δσ = 0. Strictly speaking,
one has to go to the region C, where a Cauchy surface exists, to quantize a field. For the
metric perturbation, this is done in Appendix E for completeness. However, here we take a
more intuitive approach by considering the metric perturbation in the region R or L first.
For the present problem, it turns out this approach is as good as the rigorous one given in
Appendix E.
In R or L, we can impose the transverse traceless synchronous gauge condition on the
metric perturbation. To make our statement explicit, we introduce the tensor harmonics on
the 3-hyperboloid, Y p lmµν = Y
(+)p lm
µν and Y
(−)p lm
µν , by
19)
Y (±)p lmµν ξ
ν = 0,
Y (+)p lmij =
√√√√(l − 1)l(l + 1)(l + 2)Γ (ip+ l + 1)Γ (−ip + l + 1)
2p2(p2 + 1)Γ (ip)Γ (−ip) G
(+)p lm
ij ,
Y (−)p lmij =
√√√√(l − 1)(l + 2)Γ (ip+ l + 1)Γ (−ip+ l + 1)
2l(l + 1)(p2 + 1)Γ (ip)Γ (−ip) G
(−)p lm
ij , (3.2)
where
G(+)p lmrr = T pl1 Y , G(+)p lmrA = T pl2 Y||A ,
G(+)p lmAB = T pl3 Y||AB + T pl4 Y σˆAB , (3.3)
G(−)rr = 0, G(−)rA = T pl5 YA, G(−)AB = 2T pl6 YAB, (3.4)
and Y := Ylm(Ω) are the 2-dimensional spherical harmonics and
YA := Y||C ǫˆCA, YAB := Y||C(A ǫˆCB) = ℓ(ℓ+ 1)YC(A ǫˆCB) . (3.5)
The superscripts (+) and (−) denote parities of the harmonics and ǫˆAB is the unit anti-
symmetric tensor on the unit 2-sphere (ǫˆθϕ = sin θ etc.) and ǫˆ
A
B = σˆ
AC ǫˆCB.
The r-dependent parts of the tensor harmonics are expressed in terms of the function,
Pp l(r) :=
P
−l− 1
2
ip− 1
2
(cosh r)
√
sinh r
, (3.6)
as
T pl1 =
1
sinh2 r
Ppl(r) ,
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T pl2 =
1
l(l + 1)
(∂r + coth r)Ppl(r) ,
T pl3 =
2 sinh2 r
(l − 1)l(l + 1)(l + 2)
(
coth r∂r −
{
p2 − 1− l(l + 1) + 2
2 sinh2 r
})
Ppl(r) ,
T pl4 =
sinh2 r
(l − 1)(l + 2)
(
coth r∂r −
{
p2 − 1− 2
sinh2 r
})
Ppl(r) ,
T pl5 = Ppl(r),
T pl6 =
sinh2 r
(l − 1)(l + 2) (∂r + 2 coth r)Ppl(r) , (3
.7)
where P µν (z) is the associated Legendre function of the first kind. These harmonics satisfy
spatial transverse traceless gauge condition:
Y p lmij
|j = 0, Y p lmi
i = 0, (3.8)
and have the eigenvalue p2 + 3 as
[
(3)△+ (p2 + 3)
]
Y p lmij = 0, (3.9)
where (3)△ is the tensor Laplacian operator on the unit 3-hyperboloid. Note that, by con-
struction, there are no l = 0 and 1 modes in these harmonics. For positive p2 modes, they
are normalized as
∫
dΣ γˆii
′
γˆjj
′
Y p lmijY p
′ l′m′
i′j′ = δ(p− p′)δl,l′δm,m′ , (3.10)
where dΣ = sinh2 r drdΩ is the surface element on the unit 3-hyperboloid. For negative p2
modes, they are not normalizable. Thus it might be inappropriate to call them harmonics
but we do so here and define them by Eq. (3.2).
Using the harmonics, we expand the metric perturbations as
Hµν = H(+)µν +H(−)µν , (3.11)
and
H(+)µν =
∑
p,l,m
U
(+)
p lm(t)Y
(+)p lm
µν (r, Ω),
H(−)µν =
∑
p,l,m
U
(−)
p lm(t)Y
(−)p lm
µν (r, Ω). (3.12)
Then the perturbed Einstein equation in C becomes
[
1
a3(T )
d
dT
a3(T )
d
dT
+
p2 + 1
a2(T )
]
Up lm(T ) = 0. (3.13)
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The equations in the other regions are obtained by the analytic continuation.
This equation is exactly the same one that was discussed in Ref. 10) for a noninteracting
massless scalar field without coupling to the metric perturbation. In the scalar case, we
showed that there is one supercurvature mode (p2 < 0) for each l, m independent of the
detail of the model under the thin wall approximation. With this result in mind, in the
subsequent two sections, we discuss subcurvature modes (p2 > 0) and supercurvature modes
separately.
3.1. subcurvature modes
For subcurvature modes, the correspondence between the cases of the massless scalar
perturbation and the gravitational wave perturbation is exact.
When p2 > 0 the r-dependent parts of the harmonics vanish fast enough as r → ∞.
Therefore we can choose the union of a tL =const. and a tR =const. hypersurfaces as a
surface on which the canonical commutation relations are set, although it is not a Cauchy
surface.∗)
As given in Appendix A, in L and R, foliating the spacetime by tJ =const. hypersurfaces,
the 2nd variation of the action becomes
δ(2)L = 1
8κ
∑
σ=±
∑
J=R,L
∫ +∞
−∞
dp
∑
l,m
∫
dτJ a(τJ)
3


∣∣∣∣∣∣
dU
(σ)
p lm
dτJ
∣∣∣∣∣∣
2
− (p
2 + 1)
a(τJ )2
|U (σ)p lm|2

 , (3.14)
where τJ = tJ/HJ . This action, for each definite parity, is the same as that of the massless
scalar field φ with the decomposition,
φ =
1√
4κ
∑
p,l,m
Up lm(τ)Y
p lm(r, Ω), (3.15)
where Y p lm(r, Ω) is the normalized scalar harmonics on a unit 3-hyperboloid. The only
difference is the presence of the l = 0, 1 modes in the scalar case. Then if we assume that
the positive frequency functions of gravitational wave perturbations are determined by the
same analyticity as in the case of the scalar field, the results obtained in Ref. 10) can be
reinterpreted for the present problem.∗∗) Since the final expression for the amplitude of
fluctuations of the scalar field, δφ, was written in terms of the curvature perturbation R in
∗) See the discussion given above Eq. (2.15) of Ref. 9).
∗∗) Strictly speaking, we have not proven that the prescription taken in Ref. 10) to determine the positive
frequency functions for the quantum state after bubble nucleation is also applicable to the present problem.
The discussion to justify the prescription was given for perturbations of a scalar field in Ref. 20) but the
discussion in it did not take care of the case with gauge degrees of freedom. Thus here we adopt the analogy
to the scalar case just by assumption.
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Ref. 10), it may be helpful to show here the relation;
R = − H
φ˙(t)
δφ. (3.16)
Then Eq. (23) of Ref. 10) is reinterpreted to give the amplitude of the gravitational wave
perturbations in the thin wall approximation:
〈U2p lm〉 =
4κH2 coth πp
2p(1 + p2)
(1− y), (3.17)
where
1− y = 1− (∆s)
2 cos p˜+ 2p∆s sin p˜
cosh πp (4p2 + (∆s)2) ,
(3.18)
with ∆s := sin tC,R|wall − sin tC,L|wall and
p˜ = p ln
(
1 + sin tC,R|wall
1− sin tC,R|wall
)
. (3
.19)
It is important to note that 1 − y ∝ p2 as p → 0. Although we have adopted the thin wall
approximation here, it is straightforward to extend the present analysis to the general case
and our conclusion that 1− y ∝ p2 as p→ 0 remains true.
As first pointed out by Allen and Caldwell, 21) if y = 0, which would be the case for
the pure de Sitter background, the even parity gravitational wave spectrum would have an
infrared divergence in the limit p→ 0 because of the extra factor of 1/p2 in the normalization
factor of the tensor harmonics (see Eq. (3.2)). However, as soon as the effect of the presence
of the bubble is taken into account, this divergence disappears. Thus for a realistic model of
one-bubble open inflation, the gravitational wave spectrum shows no pathological feature.
3.2. supercurvature modes
A supercurvature mode is a solution of Eq. (3.13) regular at both boundaries, T = TR
and TL, which may exist discretely at p
2 ≤ 0.∗) Let us put aside the case of p2 = 0 for a while.
Then, as mentioned before, it was shown in Ref. 10) under the thin wall approximation that
there is only one supercurvature mode for each l and m. It is a trivial solution U(T ) = const.
for p2 = −1. However, different from the massless scalar case, this supercurvature mode is
unphysical in the present case because it turns out to be just a gauge degree of freedom as
shown in Appendix B. Thus in the thin wall case, there is no supercurvature mode in the
gravitational wave perturbations. In Appendix C, we prove the absence of the supercurvature
modes in general without the thin wall approximation.
∗) Here we use the terminology ‘supercurvature’ in a broader sense to include the case of p2 = 0.
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However, one might worry if the absence of supercurvature modes would depend on our
choice of gauge. That is, a metric perturbation described by a singular solution of Eq. (3.13)
could be transformed to a regular metric perturbation by a different choice of gauge. For
p2 < 0 but p2 6= −1, using the mutual independence among the scalar, vector and tensor
harmonics, it can be shown without trouble that such a gauge transformation do not exist.
For even parity p2 = 0 modes, however, there is a problem that they become degenerate
with scalar perturbation modes with p2 = −4. 8), 13), 11) Therefore, we must consider the
scalar perturbation at the same time when discussing regularity of the metric. In Appendix
D, we treat this problem and show that there exists no gauge transformation that makes
the metric regular for even parity p2 = 0 modes. Thus it is concluded that there exists no
supercurvature modes for gravitational wave perturbations.
§4. Summary and discussion
In this paper we have derived the spectrum of gravitational wave perturbations in the
context of the open inflationary universe scenario. We have assumed that the quantum
state after bubble nucleation is given by “the Euclidean vacuum state” that is determined
by the analyticity of modes when they are continued to the Euclidean region. Under this
assumption and in the thin wall approximation, we have explicitly obtained the spectrum
(3.17). An important feature of the spectrum is that it is infrared finite as opposed to the
case of pure de Sitter background. We have also found that there is no discrete spectrum
that comes from supercurvature modes. At a glance, there seemed to exist supercurvature
modes at p2 = −1 but it is shown to be an illusion due to gauge degrees of freedom.
A subtlety associated with the even parity p2 = 0 modes that they become degenerate
with the p2 = −4 scalar perturbation modes has been also resolved. Taking account of all
the degrees of freedom of metric perturbations, we have shown that these modes do not
exist. In the previous analyses 8), 13), 11) without taking into account the gravitational degrees
of freedom, the scalar p2 = −4 modes occupied a special position because they existed
independent of the detail of the potential of tunneling scalar field and were called wall
fluctuation modes. Our result implies that these modes cease to exist once the gravitational
degrees of freedom are taken into account. This result is consistent with that obtained by
Kodama et al. 22) in the case of infinitely thin domain wall with vanishing potential energy
in both vacua. We should note, however, that our result does not exclude the possibility
that a discrete mode describing the wall fluctuation exists with a shifted eigenvalue other
than p2 = −4.
10
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Appendix A
2nd variation of the action
In this Appendix we derive 2nd variation of the action given in Eq. (3.14). Here we omit
the subscript J for simplicity.
Since we are interested only in the 2nd order variation, we compute the terms quadratic
in hµν in the Einstein-Hilbert action:
δ2(
√−gR) = (δ2√−ggµν)Rµν + (δ
√−ggµν)δRµν +
√−ggµνδ2Rµν
=
√−g
(
hµρhρ
ν − 1
2
hhµν +
(
1
8
h2 − 1
4
hρσh
ρσ
)
gµν
)
Rµν
−√−g(hµν − 1
2
hgµν)δRµν +
√−ggµνδ2Rµν , (A.1)
Now
δRµν = (δΓ
ρ
µν);ρ − (δΓ ρµρ);ν , (A.2)
δ2Rµν = (δ
2Γ ρµν);ρ − (δ2Γ ρµρ);ν + δΓ σρσδΓ ρµν − δΓ σρνδΓ ρµσ . (A.3)
Inserting these into Eq. (A.1) and using
δΓ ρµν =
1
2
(hρµ;ν + h
ρ
ν;µ − hµν ;ρ), (A.4)
we obtain the 2nd order variation of the Einstein-Hilbert action,
L
(2)
G =
1
2κ
1√−g δ
2(
√−gR)
= L
(2)
R +
1
8κ
[−hµν;ρhµν;ρ + 2hµν;ρhρµ;ν − 2hµν ;νh;µ + h;µh;µ] , (A.5)
where
L
(2)
R =
1
8κ
[(4hµρhρ
ν − 2hhµν)Rµν +
(
1
2
h2 − hρσhρσ
)
R. (A.6)
Noting that
R = 6
(
a¨
a
+
(
a˙
a
)2
− 1
a2
)
,
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Rµν = gµν
(
a¨
a
+ 2
(
a˙
a
)2
− 2
a2
)
− 2ξµξν
(
a¨
a
−
(
a˙
a
)2
+
1
a2
)
, (A.7)
where ξµ is the unit vector normal to the t =constant hypersurface, we obtain
L
(2)
R =
1
8κ

4 (2hµρhρν − hhµν) ξµξν
(
− a¨
a
−
(
a˙
a
)2
+
1
a2
)
+
(
h2 − 2hµνhµν
)( a¨
a
−
(
a˙
a
)2
+
1
a2
)
, (A.8)
where the dot denote the derivative with respect to the cosmological time, t/H .
We also need the matter part of the Lagrangian:
L(2)m =
1√−g δ
2
(√−g (−1
2
gµνξµξν σ˙
2 − V (σ)
))
,
= −1
2
(2hµρhρ
ν − hhµν) ξµξν σ˙2 + 1
8
(
h2 − 2hµνhµν
)(1
2
σ˙2 − V (σ)
)
. (A.9)
Then, using the equations of motion,
(
a˙
a
)2
− 1
a2
=
κ
3
(
1
2
σ˙2 + V (σ)
)
,
a¨
a
= −κ
3
(
σ˙2 − V (σ)
)
, (A.10)
the summation of L
(2)
R and L
(2)
m simplifies to
L
(2)
R + L
(2)
m = −
1
8κ
(
h2 − 2hµνhµν
)( a¨
a
+ 2
(
a˙
a
)2
− 2
a2
)
. (A.11)
Now, taking into account the facts that hµνξ
ν = 0 and h = 0, the 2nd variation of the
Lagrangian reduces to
L(2)=
1
8κ

2hijhij
(
a¨
a
+ 2
(
a˙
a
)2
− 2
a2
)
+γµµ
′
γνν
′
[
ξρξρ
′
(hµν;ρhµ′ν′;ρ′ − 4hµν;ρhρ′µ′;ν′)
+γρρ
′
(−hµν;ρhµ′ν′;ρ′ + 2hµν;ρhρ′µ′;ν′)

. (A.12)
The nonvanishing components of hµν;ρ are explicitly written as
hµν;ρ ξ
µγνiγ
ρ
j = − a˙
a
hij,
hµν;ρ γ
µ
iγ
ν
jξ
ρ = h˙ij − 2 a˙
a
hij ,
hµν;ρ γ
µ
iγ
ν
jγ
ρ
j = hij|k. (A.13)
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Then using formulas of the Σ-integration of the harmonics
∫
dΣ γˆii
′
γˆjj
′
γˆkk
′
Y p lmij|kY p
′ lm
i′j′|k′ = (p
2 + 3)δ(p− p′),∫
dΣ γˆii
′
γˆjj
′
γˆkk
′
Y p lmij|kY p
′ lm
k′i′|j′ = 3δ(p− p′), (A.14)
we obtain the resulting formula (3.14).
Appendix B
p2 = −1 mode
Looking at Eq. (3.13), it is easy to find that there is a trivial supercurvature mode solution
at p2 = −1, which is given by U(T ) = const.. Thus the corresponding metric perturbation
is given by
hµν ∝ a2Gµν , (B.1)
where Gµν are the unnormalized harmonics on the unit 3-hyperboloid defined by Eqs. (3.3)
and (3.4). In this Appendix, we show that this mode is not a physical one but a gauge mode.
To see this, we introduce the unnormalized vector harmonics on the unit 3-hyperboloid,
W(±)p lmi , which are defined by
W(+)p lmr = Vpl1 Y, W(+)p lmA = Vpl2 Y||A,
W(−)p lmr = 0, W(−)p lmA = Vpl3 YA, (B.2)
where Y = Ylm(Ω) and YA is defined in Eq. (3.5). The r-dependent parts are
Vpl1 =
1
sinh r
P, Vpl2 =
1
l(l + 1)
∂r (sinh rP) , Vpl3 = sinh rP, (B.3)
where P is defined in Eq. (3.6). The harmonics satisfy
(
(3)△+ p2 + 2
)
Wi = 0, (B.4)
Wi|i = 0, (B.5)
2W(i|j)|j = −(p2 + 4)Wi, (B.6)(
(3)△+ p2 + 6
)
W(i|j) = 0. (B.7)
From Eq. (B.6) one can see that the tensor constructed from the vector harmonics with
p2v = −4 is transverse and traceless. Here we appended the subscript v to p to stress that
it is the eigenvalue of the vector harmonics defined by Eq. (B.4). Thus W(i|j)(p2v = −4) can
be regarded as tensor harmonics. Comparing Eq. (B.7) with Eq. (3.9), the corresponding
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eigenvalue pt of the tensor harmonics is found as p
2
t = p
2
v+3 = −1. In fact, we can calculate
W(i|j) explicitly as
W(i|j)nˆinˆj = ∂rWr,
W(i|j)nˆiσjA = 1
2
[(∂r − 2 coth r)WA + ∂AW] ,
W(i|j)σiAσjB =W(A|B) + σˆAB sinh r cosh rWr, (B.8)
where nˆi is the unit normal in the r-direction on the unit 3-hyperboloid and σij = γˆij− nˆinˆj .
Using the fact that
d
dr
P(p2 = −4)
sinh r
= (l − 1)P(p
2 = −1)
sinh2 r
, (B.9)
which follows from the derivative recursion relation of the associated Legendre functions, it
can be verified that
W(+)(i|j)(p2 = −4) = (l − 1)G(+)ij (p2 = −1),
W(−)(i|j)(p2 = −4) =
(l − 1)
2
G(−)ij (p2 = −1). (B.10)
Now we consider a purely spatial gauge transformation (infinitesimal coordinate trans-
formation),
xµ → xµ + ζµ, (B.11)
with ζµξ
µ = 0 and ζµ ∝ Wµ(p2 = −4). It gives the change of the metric;
2ζ(µ;ν)ξ
ν = 0,
2ζ(i;j) ∝ a2Gij(p2 = −1), (B.12)
without disturbing the value of the scalar field. This is just the metric perturbation for the
p2 = −1 mode given in Eq. (B.1).
Appendix C
absence of supercurvature modes
Here we show that there exist no supercurvature modes in gravitational wave perturba-
tions without using the thin wall approximation.
A supercurvature mode is a mode corresponding to a regular solution of Eq. (3.13) with
p2 ≤ 0. The problem to find a supercurvature mode is analogous to that to find a bound
state in the quantum mechanics. Here, we note that a regular solution means the one that
gives a regular metric perturbation. An inspection of Eq. (3.13) reveals that the solution
behaves as a−1±Λ (Λ =
√−p2) for p2 < 0 and as a−1 or a−1 ln a for p2 = 0 as T → TJ . Then it
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can be shown that the metric perturbation is regular if the solution behaves as a−1+Λ. Thus
a supercurvature mode is an eigen mode that satisfies the boundary condition U → a−1+Λ
as T → TJ .
First we introduce a new coordinate, s, defined by
dT = a3ds, a(s = 0) = amax, (C.1)
where amax is the maximum value of a in C. Then Eq. (3.13) is rewritten as[
d2
ds2
+ (p2 + 1)a6(s)
]
Up lm(s) = 0. (C.2)
If there is a potential Q(s) which satisfies
Q(s) ≥ a6(s) for ∀s , Q(s) > a6(s) for ∃s , (C.3)
and if the equation [
d2
ds2
+ (p2 + 1)Q(s)
]
X = 0, (C.4)
has N supercurvature modes (bound state solutions) with one of them at p2 = 0, then the
number of supercurvature modes of Eq. (C.2) is less than N .
Integrating the equations of motion (2.4), we obtain the following inequality:
1
2
σ˙2 − V (σ(T )) = 1
2
(σ˙|T=Tmax)2 − V (σ(Tmax))− 3
∫ T
Tmax
dT ′
a˙
a
σ˙2
≥ 1
2
(σ˙|T=Tmax)2 − V (σ(Tmax)) =: −
3
κ
H˜2, (C.5)
where the dot denotes the derivative with respect to T . The equality holds only for T = Tmax.
Then from Eq. (2.5), we find (
a˙
a
)2
− 1
a2
≥ −H˜2. (C.6)
Note that from the fact that the equality holds at T = Tmax, i.e., at s = 0, where a˙ = 0, one
finds
amax = H˜
−1. (C.7)
We introduce the scale factor a˜ of the de Sitter space with the radius H˜−1. Then a˜ satisfies
(
˙˜a
a˜
)2
− 1
a˜2
= −H˜2. (C.8)
Rewriting Eqs. (C.6) and (C.8) by using the s-coordinate, we obtain
A
(
(∂sA)
2 − 1
)
≥ B
(
(∂sB)
2 − 1
)
, (C.9)
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where A = 1/2a2 and B = 1/2a˜2 and the equality holds only at s = 0.
Now we prove that A > B, i.e., a(s) < a˜(s) for ∀s except at s = 0. Suppose A ≤ B at
s = s1 > 0. Then Eq. (C.9) tells us that (∂sA)
2 > (∂sB)
2 because A and B are positive.
Since ∂sA > 0 for s > 0, this implies ∂sA > ∂sB. Therefore we would conclude that
B(s1) − A(s1) < B(s = 0)− A(s = 0). However, this contradicts with the fact A(s = 0) =
B(s = 0) = H˜2/2. Thus A > B for s > 0. A parallel discussion holds also in the case s1 < 0.
Thus we conclude that A > B except at s = 0.
Now if we set Q(s) = a˜6(s), the condition (C.3) is satisfied and Eq. (C.4) is equivalent
to the equation to determine the mode function of a minimally coupled massless scalar field
in the pure de Sitter space, which is known to have one supercurvature mode at p2 = −1
(U =const.) and one marginally regular mode at p2 = 0 (U ∝ a˙/a). So Eq. (3.13) has only
one supercurvature mode, which is the one at p2 = −1. But it was shown in Appendix B
that this unique supercurvature mode is an illusion due to gauge degrees of freedom. Thus
we conclude that there is no supercurvature mode in gravitational wave perturbations.
Appendix D
p2 = 0 modes
Here we consider the even parity p2 = 0 modes by taking full account of the degeneracy
between the scalar and tensor harmonics. Since it is natural to require that a physical mode
should give regular metric and scalar field perturbations, we examine whether a regular
solution exists in this degenerate case.
First we give the explicit relation between the scalar and tensor harmonics when they are
degenerate. Let us introduce the unnormalized scalar harmonics on the unit 3-hyperboloid,
Splm = PplYlm. They satisfy
(
(3)△+ p2 + 1
)
S = 0, (D.1)
Sij |j = −2
3
(p2 + 4)S|i , (D.2)(
(3)△+ p2 + 7
)
Sij = 0 , (D.3)
where
Sij := S|ij + p
2 + 1
3
γˆijS . (D.4)
One readily sees Sij is transverse-traceless when p2 = −4. Comparison of Eq. (D.3) with
Eq. (3.9) immediately shows p2t = p
2
s+4, where pt and ps are the eigenvalues of the tensor and
scalar harmonics, respectively. Hence the p2s = −4 modes are equivalent to tensor harmonics
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with p2t = 0. Further by construction, it is clear that they have even parity. The explicit
form of Sij(p2 = −4) can be obtained by noting the fact,
d2
dr2
P(p2 = −4) = P(p2 = −4) + l(l − 1)P(p
2 = 0)
sinh2 r
. (D.5)
Then we find
Sij(p2 = −4) = l(l − 1)G(+)ij (p2 = 0), (D.6)
where G(+)ij are given by Eq. (3.3). Thus it is necessary (and sufficient) to consider scalar
type perturbations with l ≥ 2 when discussing the even parity p2t = 0 modes.
We consider the scalar type perturbations in region R or L and describe the perturbed
metric as
ds˜2 = −(1 + 2AS)dτ 2 + 2BS|jdτdxj + a(t)2 {(1 + 2HLS)γˆij + 2HTSij} dxidxj , (D.7)
and the perturbed scalar field as
σ˜ = σ + ϕS . (D.8)
Then the field equation for ϕ is given by
ϕ¨+3
a˙
a
ϕ˙+
p2 + 1
a2
ϕ+ V ′′(σ)ϕ
−2A(σ¨ + 3 a˙
a
σ˙)− A˙σ˙ + 3H˙Lσ˙ + p
2 + 1
a2
Bσ˙ = 0. (D.9)
The necessary components of the perturbed Einstein equations are the (0, 0), (0, i) and the
traceless part of (i, j) components. They are given, respectively, as
2
(
3
(
a˙
a
)2
A− 3 a˙
a
H˙L − a˙
a
p2 + 1
a2
B − p
2 + 4
a2
(HL +
p2 + 1
3
HT )
)
= κ(Aσ˙ − σ˙ϕ− V ′ϕ) , (D.10)
2
(
a˙
a
A− H˙L + 1
a2
B − p
2 + 4
3
H˙T
)
= κσ˙ϕ , (D.11)
1
a
(a3H˙T )˙ − 1
a
(aB)˙ − A−HL − p
2 + 1
3
HT = 0. (D.12)
In order to solve the above set of equations, it is necessary to fix a gauge. For this purpose,
let us consider a gauge transformation induced by an infinitesimal coordinate transformation,
τ¯ = τ +MS , x¯i = xi +NS |i . (D.13)
Then the perturbation variables transform as
A¯ = A− M˙ ,
17
B¯ = B − a2N˙ +M ,
H¯L = HL +
p2 + 1
3
N − a˙
a
M ,
H¯T = HT −N ,
ϕ¯ = ϕ− σ˙M . (D.14)
Hence unless σ is constant, which is the case of pure de Sitter background, one can choose a
gauge in which ϕ = HL = 0 by using the above gauge degrees of freedom. Now specializing
to the case of p2 = −4, one finds from Eqs. (D.10) and (D.11) that A = 0 in this gauge. Then
we find B = 0 from the perturbed field equation (D.9). Thus the only remaining variable is
HT . From Eq. (D.12), we find it satisfies
1
a3
d
dτ
(a3
d
dτ
HT ) +
1
a2
HT = 0 . (D.15)
Now going into the region C by the identifications of dτ with idT and a with ia, we see that
this equation exactly coincides with the one for the tensor p2 = 0 modes given by Eq. (3.13).
Now let us examine the asymptotic behavior of the solution of Eq. (D.15) at a → 0 in
C. Noting that a ∼ |T − TJ | =: ∆T near the boundaries, HT have regular and singular
solutions which behave as ∆T−1 and ∆T−1 ln∆T , respectively. Since the statement given in
Appendix C holds also in the present case, any solution is singular either at TR (boundary
to the region R) or at TL (boundary to the region L). Thus we may conclude that there
exists no discrete mode for p2 = −4 (i.e., no discrete even parity p2 = 0 tensor mode) that
would contribute to the quantum fluctuations.
However, it is not yet completely clear if the singular behavior of HT is real. It may
be absorbed by a gauge transformation. Thus we have to show that there exists no gauge
transformation that makes the metric and scalar field perturbations regular. The regularity
can be examined by investigating the behavior of the perturbations as one approaches either
of the two boundary light cones. Since the coordinates T and rC are degenerate on the
boundary light cone, it is necessary to evaluate the metric components in non-degenerate
coordinates, e.g.,
t˜ = ∆T cosh rC , r˜ = ∆T sinh rC . (D.16)
Then the components are related by

∆T 2hTT
∆ThTr
hrr

 =


t˜2 2t˜r˜ r˜2
t˜r˜ t˜2 + r˜2 t˜r˜
r˜2 2t˜r˜ t˜2




ht˜t˜
ht˜r˜
hr˜r˜

 . (D.17)
When we take the limit to the boundary light cone, ∆T goes to 0 while t˜ and r˜ stay finite.
Thus it is required that the components, ∆T 2hTT ∼ ∆T 2AS and ∆ThTr ∼ ∆TB∂rCS,
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should be regular. Since the radial part of S behaves as exp (√−p2 − 1)rC = exp rC ∼ ∆T−1,
∆TA and B should be regular on the boundary light cone.
Now we know that it is sufficient to consider a solution that behaves as HT = ∆T
−1 ln∆T
at, say, the left boundary in ϕ = A = B = HL = 0 gauge. The gauge transformation (D.14)
is still valid in region C with replacements, M → iM and B → iB. Thus we must set
N = ∆T−1 ln∆T in order to remove the singular behavior of HT . Then B becomes singular.
To remove the singular behavior of B, we should take M = − ln∆T . Then, however, ϕ
becomes singular as −σ˙ ln∆T ∼ ∆T ln∆T . The perturbation of scalar field itself is finite
but the derivative diverges. Thus we finally conclude that no regular (hence physical) discrete
mode exists.
Appendix E
Canonically reduced action for gravitational wave perturbations
Here, we discuss the reduction of the action for gravitational wave perturbations in an
open inflationary universe. We consider the metric perturbation in the region C, where a
Cauchy surface exists, and take a canonical approach to reduce the degrees of freedom of the
constrained system to the physical degrees of freedom. The discussion goes parallel to the
case of gravitational waves in the Rindler universe given in Appendix A of Paper I. The case
of the Rindler universe, in which the scale factor is set to a(T ) = T , is one special example
of general cases but almost all the equations which appeared in the Rindler case hold with
replacements:
χ→ r, ∂χ → ∂r, ξ → a(T ), ∂ξ − m
ξ
→ ∂T −ma˙
a
, (m = 0, 1, 2, · · ·),
(e)→ (+), (o)→ (−), (E.1)
where the dot ˙ represents the derivative with respect to T . Thus we only show here the
necessary changes other than these replacements. In this Appendix the subscript C in rC is
suppressed for notational simplicity.
The Lagrangian for gravitational wave perturbations is given in Eqs. (A.11) and (A.5).
After analytic continuation to the region C, it becomes
L(2) =
1
8κ
(
h2 − 2hµνhµν
)( a¨
a
+ 2
(
a˙
a
)2
− 2
a2
)
+
1
8κ
(−hµν;ρhµν;ρ + 2hµν;ρhρµ;ν − 2hµν ;νh;µ + h;µh;µ) . (E.2)
We adopt the convention to denote the projection of tensors as
fξ := fµ ξ
µ,
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fn := fµ n
µ = a−1fr. (E.3)
The relations,
nµ;ν = − a˙
a
ξµnν +
tanh r
a
σµν ,
ξµ;ν = − a˙
a
nµnν +
a˙
a
σµν , (E.4)
are used in the calculations below. Each component of covariant derivatives of the metric
perturbation becomes
hnn;n =
1
a
∂rhnn − 2 a˙
a
hnξ, hnn;ξ = ∂Thnn, hnn;A = hnn||A − 2 tanh r
a
hnA,
hnξ;n =
1
a
∂rhnξ − 1
a
(hξξ + hnn) , hnξ;ξ = ∂Thnξ,
hnξ;A = hnξ||A − tanh r
a
hξA − a˙
a
hnA, hξξ;n =
1
a
∂rhξξ − 2 a˙
a
hnξ,
hξξ;ξ = ∂Thξξ, hξξ;A = hξξ||A − 2 a˙
a
hξA,
hnA;n =
1
a
(∂r − tanh r)hnA − a˙
a
hξA, hnA;ξ =
(
∂T − a˙
a
)
hnA,
hnA;B = hnA||B +
(
a˙
a
hnξ − tanh r
a
hnn
)
σAB − tanh r
a
hAB,
hξA;n =
1
a
(∂r − tanh r)hξA − a˙
a
hnA, hξA;ξ =
(
∂T − a˙
a
)
hξA,
hξA;B = hξA||B +
(
a˙
a
hξξ − tanh r
a
hnξ
)
σAB − a˙
a
hAB,
hAB;n =
1
a
(∂r − 2 tanh r)hAB, hAB;ξ =
(
∂T − 2 a˙
a
)
hAB,
hAB;C = hAB||C +
(
2
a˙
a
hξ(AσB)C − 2 tanh r
a
hn(AσB)C
)
, (E.5)
where we used the abbreviated notation such as hnA;ξ ≡ hµν;ρnµσνAξρ. Below we expand
the metric perturbation in terms of the spherical harmonics and consider the even and odd
parity modes separately.
E.1. even parity
Concentrating on the even parity modes, we expand the variables by using the spherical
harmonics Y = Yℓm(Ω),
h(+)nn =
∑
H(+)ℓmnn Y, h
(+)
nξ =
∑
H
(+)ℓm
nξ Y, h
(+)
ξξ =
∑
H
(+)ℓm
ξξ Y,
h
(+)
nA =
∑
H(+)ℓmn Y||A, h
(+)
ξA =
∑
H
(+)ℓm
ξ Y||A,
h
(+)
AB =
∑(
w(+)ℓmY σˆAB + v
(+)ℓmY
(s)
AB
)
, (E.6)
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where
Y
(s)
AB =
Y||AB
ℓ(ℓ+ 1)
+
1
2
σˆABY. (E.7)
Then the same argument that are given below Eq. (A8) of Paper I holds with the replace-
ments listed in Eq. (E.1) and the action can be reduced under the synchronous gauge con-
dition. Finally we obtain the reduced action:
∫
dr
∫
dT L(+)(red) =
∑
ℓ,m
8
(ℓ− 1)ℓ(ℓ+ 1)(ℓ+ 2)
∫
dr
∫
dT
a3

ΠKˆ(Kˆ − 1) (∂rw)
−1
2
(
1
cosh2 r
ΠKˆ(Kˆ − 1)Π + wKˆ(Kˆ − 1)
{
ℓ(ℓ+ 1) + Kˆ cosh2 r
}
w
),
(E.8)
where Π is defined by
Π(+)ℓm := − cosh2 r
[
ℓ(ℓ+ 1)a
2
H(+)ℓmn + tanh r w
(+)ℓm
]
, (E.9)
and Kˆ is the derivative operator defined by
Kˆ = −a∂Ta3∂Ta−2. (E.10)
To keep the simplicity of notation, we often abbreviate the indices, (±), ℓ and m, unless
there arises confusion.
Then we can see easily that w and Π can be expanded in terms of the eigen function of
the operator Kˆ. The normalized eigen functions should satisfy
KˆUp(T ) = (p2 + 1)Up(T ), (E.11)
and ∫ TR
TL
dT
a3
UpUp′ =


δ(p− p′), (p2 ≥ 0),∑
n
δp,pnδp′,pn, (p
2 < 0).
(E.12)
where p2n + 1 is a discrete eigenvalue of the operator Kˆ. We expand the variables w and Π
as
w(+)ℓm = −
∫
dp w(+)pℓmUp, Π(+)ℓm = −
∫
dp Π(+)pℓmUp. (E.13)
As we adopt the synchronous gauge condition, we can write down the mode functions by
using the tensor harmonics as
hij =
∑N(+)plmUp(T )G(+)plmij , (E.14)
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where N(+)plm is a normalization constant to be determined later. Then comparison of the
traceless part of h
(+)pℓm
AB with the definition of w in Eq. (E.6) readily gives the solution for
w(+)pℓm(r),
w(+)pℓm = −N(+)pℓm
2
Ppℓ , (E.15)
which, of course, satisfies the equation of motion which follows from the reduced action (E.8).
Then repeating the same discussion succeeding to Eq. (A37) of Paper I, the normalization
is found to be fixed as∗)
N(+)plm =
√√√√(l − 1)l(l + 1)(l + 2)Γ (ip+ l + 1)Γ (−ip + l + 1)
4p2(p2 + 1)
. (E.16)
For p2 > 0, taking account of the fact that the normalization of Up defined by Eq. (E.12)
gives rise to an additional factor 2/|Γ (ip)|2 when their Klein-Gordon norms are evaluated on
hypersurfaces in R and L (see Appendix A of Ref. 9)), we can see that the same normalization
is deduced from the action (3.14).
As for p2 < 0, the normalization constant (E.16) is finite except for the case p2 = −1.
Hence the supercurvature modes would exist if there were modes of Up that would satisfy
the normalization condition (E.12). But we know that such modes do not exist from the
discussion of Appendix C.
In the case p2 = −1, the normalization constant N(+)plm diverges. On the other hand,
since Up ∝ a2 for p2 = −1, the integral,
I2p =
∫ TR
TL
dT
a3
|Up|2, (E.17)
is finite. Hence the overall normalization factor, which is given by N(+)plm/Ip, diverges.
This implies the p2 = −1 modes are ‘zero modes’ for which the potential in the configuration
space along the direction of the modes is flat. As shown in Appendix B, this corresponds
to the fact that the p2 = −1 modes are gauge illusion and there is no dynamical degree of
freedom there. So we do not have worry about this case.
Another case of the divergent N(+)plm occurs at the boundary between the subcurvature
and supercurvature modes, p2 = 0. In this case, however, an analysis of the asymptotic be-
havior of Up as T → TJ (J = L,R) shows the integral (E.17) diverges as well. Therefore the
overall normalization factor N(+)plm/Ip becomes indefinite as∞/∞ and we cannot conclude
there is no physical discrete mode there. This case is special in the sense that the even par-
ity p2 = 0 tensor harmonics can be constructed from the p2 = −4 scalar harmonics 8), 13), 11).
∗) The normalization of P is different from that in Paper I by the factor of √2/Γ (ip+ l+ 1).
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Thus these modes are degenerate with scalar type perturbations in the language of cosmo-
logical perturbation theory and a complete treatment can be done only if the perturbation
of the scalar field is taken into account at the same time. Such an analysis has been given
in Appendix D and it has been shown that there exists no physical discrete mode at p2 = 0.
E.2. odd parity
We expand the metric perturbation in terms of the spherical harmonics as
h
(−)
nA =
∑
H(−)ℓmn YA, h(−)ξA =
∑
H
(−)ℓm
ξ YA, h(−)AB =
∑
w(−)ℓmYAB . (E.18)
As in the even parity case, the same argument below Eq. (A49) of Paper I holds with the
replacements listed in Eq. (E.1).
Finally we obtain the reduced action:
∫
dr
∫
dT L(−)(red) =
∑
ℓ,m
2ℓ(ℓ+ 1)
(ℓ− 1)(ℓ+ 2)
∫
dr
∫
dT
a3

ΠKˆ (∂rQ)
−1
2
(
1
cosh2 r
ΠKˆΠ +QKˆ
{
ℓ(ℓ+ 1) + Kˆ cosh2 r
}
Q
), (E.19)
where
Q(−)ℓm := aH(−)ℓmn
Π(−)ℓm := −ℓ(ℓ+ 1)− 2
2
w(−)ℓm − 2a sinh r cosh rH(−)ℓmn . (E.20)
As before, the variables Q and Π are expanded as
Q(−)ℓm = −a2
∫
dp Q(−)pℓmUp, Π(−)ℓm = −a2
∫
dp Π(−)pℓmUp . (E.21)
We write down the mode functions by using the tensor harmonics as
hij = a
2
∑N(−)plmUp(T )G(−)plmij . (E.22)
Then comparison of h
(−)pℓm
rA with the definition of Q gives
Q(−)pℓm = −N(−)pℓmPpℓ , (E.23)
Then as in the case of even parity modes the normalization is fixed as
N(−)plm =
√√√√(l − 1)(l + 2)Γ (ip+ l + 1)Γ (−ip+ l + 1)
4l(l + 1)(p2 + 1)
. (E.24)
Different from even parity modes, the only exceptional case is the p2 = −1 modes. But
again they are unphysical as shown in Appendix B. Thus there exists no physical discrete
modes.
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